ERK2 is a kinase protein that belongs to a Ras/Raf/MEK/ERK signalling pathway, which is activated in response to a range of extracellular signals. Malfunctioning of this cascade leads to variety of serious diseases, including cancers. This is often caused by mutations in proteins belonging to the cascade, frequently leading to abnormally high activity of the cascade even in the absence of external signal. One such gain-of-function mutation in ERK2 protein, called a sevenmaker mutation (D319N), was discovered in 1994 in Drosophila. This mutation leads to disruption of interactions of other proteins with D-site of ERK2 and results, contrary to expectations, in increase of its activity in vivo. However, no molecular mechanism to explain this effect has been presented so far. The difficulty is that this mutation should equally negatively affect interactions of ERK2 with all substrates, activators and deactivators. In this paper, we present a quantitative kinetic network model that gives a possible explanation of the increased activity of mutant ERK2 species. A simplified biochemical network for ERK2, viewed as a system of coupled Michaelis-Menten processes, is presented. Its dynamic properties are calculated explicitly using the method of first-passage processes. The effect of mutation is associated with changes in the strength of interaction energy between the enzyme and the substrates. It is found that the dependence of kinetic properties of the protein on the interaction energy is non-monotonic, suggesting that some mutations might lead to more efficient catalytic properties, despite weakening inter-molecular interactions.
INTRODUCTION 22
Mitogen-activated protein (MAP) kinase ERK2 (Extra-23 cellular Signal-Regulated Kinase 2) is an enzyme that plays or it can be phosphorylated to reach the state 2 (ppERK2) 131 with a rate α. After that, ppERK2 can either be dephosphory-132 lated through the formation of a complex with a phosphatase 133 (state 3, ERK2·D) with the rate constant u, or it can remain 134 active and phosphorylate its own substrates by forming the 135 substrate-enzyme complex with the rate constant u (state 4, 136 ppERK2·S), and producing the product (state 5, ppERK2+P) 137 with the rate α. To simplify calculations, in this model we 138 assume that the corresponding rate constants in all Menten reactions for different processes are equal to each 140 other so that there are only three kinetic parameters in the 141 system: u, w and α. This assumption is based on the fact that 142 all enzymatic processes are taking place at the same location 143 and they involve chemical species that are not very dissimilar. 144 But it is also important to notice that the relaxing of this 145 condition (making all corresponding rates different) will not 146 qualitatively change the main theoretical predictions of this 147 work while it will make the mathematical calculations much 148 more complicated.
149
In evaluating the catalytic properties of this system, we 150 employ a method of first-passage processes that was success-151 fully utilized for analyzing multiple processes in Chemistry,
152
Physics and Biology (39, 40) . The idea is to introduce a first-153 passage probability density function F n (t), which is defined 154 as a probability to complete the reaction (i.e., to reach the 155 final state 5) at time t if at t = 0 the system was in the state n.
156
Determining these functions will provide a full dynamic de-157 scription of the catalytic process in this system. The temporal 158 evolution of first-passage probabilities is governed by a set 159 of the backward master equations (39, 40) , which are closely 160 related to standard chemical kinetics equations:
In these equations, we take into account the fact that the asso- 
where X = M, D or S are the concentrations of activator, 169 deactivator and substrate, respectively. In addition, the initial 170 the system starts in the state 5 the reaction is accomplished 172 immediately.
173
To calculate the first-passage probabilities, we utilize Laplace transformations, ∫ ∞ 0 e −st F n (t)dt ≡ F n (s). Then Eqs.
175
(1)-(5) can be rewritten as simpler algebraic expressions:
The initial condition also leads to F 5 (s) = 1. This system of 181 equations can be easily solved. Specifically, for starting the 182 process in the state 0 we obtain,
where new parameters are defined as 
The explicit expressions for the first-passage probability 188 functions provide a direct way of describing all dynamic 189 properties in the system. For example, the average time to 190 reach the product state 5 starting from the state 0, which is 191 the same as the mean time for the catalytic reaction (turnover 192 time) is given by (39, 40)
from which using Eqs. 12-16 we get 
from which the overall effective Michaelis-Menten parame-198 ters for the kinetic network are determined in terms of the 199 microscopic transition rates:
and 202
To quantitatively analyze the effect of mutations, we as- relations between the rate constants and the binding energy:
Here the rates with superscript 0 correspond to transition rates 212 for the hypothetical situations when the interactions energies 213 are equal to zero. These equations can be understood in the 214 following way. The stronger the binding interactions, the faster 215 the system will go into the states with the complex formation 216 (states 1, 3 and 4), and the slower it will leave these states.
217
Correspondingly, weaker interactions stimulate the system to 218 preferentially break these complexes faster than to form them.
219
Determining the enzymatic properties of the system re-220 quires explicit expressions for rates that include the effect of 221 the interactions. Then we can rewrite the expressions for the 222 transition rates as (40):
and the kinetic parameters are given by:
The main advantage of this theoretical approach is that 234 now the effect of mutations can be investigated quantita-235 tively because in our language it corresponds to varying the 236 interaction energy . Michaelis-Menten kinetic scheme:
The derivation follows exactly the same steps as was described 245 for the model in Figure 1 
and
After the Laplace transformation, these equations can be 252 rewritten as follows:
Solving this system of equations, yields the following expres-255 sion for the turnover time T 0 :
Finally, the Michaelis-Menten parameters are given by
258 k cat = α;
and 259 k cat
where u, w and α depend on the substrate binding energy One can see that the enzymatic properties of ERK2 regulation 279 network differ significantly from the classical MM scheme.
280
Lowering the strength of binding interactions (making more 281 positive) strongly increases the catalytic rate k cat in the MM 282 system, while the dependence of k cat on is non-monotonic 283 for the ERK2 system (see Figure 2 ). It can be shown also that 284 in this case the highest value of k cat is achieved for
Varying the interaction energy also leads to different 
293
To quantify better the enzymatic efficiency of ERK2 pro-294 teins, it is more useful to consider a ratio k cat /K M , which is 295 known as a specificity constant. The larger this parameter, the 296 more efficient is enzymatic process. Figure 4 presents speci-297 ficity constants as functions of the binding energies for both 298 schemes, and again the classical MM behavior is strikingly 299 different from the predictions for the ERK2 regulation system.
300
The specificity constant for the MM process decreases mono- 
ing the appearance of gain-of-function mutations in the ERK2 306 system. If one assumes that the binding energy in the WT 307 enzyme ( WT ) is negative and it does not correspond to max 308 ( WT < max ), then mutations that change the interaction 309 energies to the range between WT and max will increase 310 the activity of enzyme: the region between two vertical lines 311 on Figure 4 . In this situation, the mutation that weakens the 312 interactions with the substrate will effectively make the ERK2 313 regulation network more efficient in comparison with the wild 314 type case. This might be a possible molecular mechanism of 315 how the sevenmaker mutation operates in the ERK2 system.
316
It is also important to note that since ERK2 is a regulatory 317 enzyme it is likely to operate in vivo at low concentrations in 318 the regime where the specificity constant is the main property 319 that determines the catalytic efficacy.
320
The effect of gain-of-function mutations can be also ex- 
The overall enzymatic activity can be correlated with the prod-329 uct formation flux J p . Then our theoretical picture suggests 330 that the sevenmaker mutation lowers both J a and J d fluxes,
331
but it decreases the deactivation flux more so that the product 332 formation flux J p in the case of mutation is larger in compari-333 son with the WT ERK2 molecule, i.e., J p (mutant) > J p (WT).
334
The results presented in Figure 5 , where the effect of varying 335 the deactivation flux is investigated, support these arguments.
336
Lowering the concentration of deactivator (D) decreases the 337 possibility for the system to go into the deactivation branch. Negative energies correspond to stronger binding. For MM scheme a monotonic behavior is observed: the stronger the interaction, the lower k cat ; while for ERK2 scheme the dependence is non-monotonic: there is an optimal value of binding energy that produces the highest k cat . Negative energies correspond to stronger binding. For MM scheme the dependence is monotonic, and the stronger the binding, the lower the Michaelis constant. For ERK2 scheme the dependence is also monotonic, but K m changes between two limits.
Figure 4: Specificity constants (k cat /K m ) as a functions of the binding energy for the Michaelis-Menten scheme (MM, blue) and for the ERK2 scheme (ERK2, black). Negative energies correspond to stronger binding. In the region between two vertical lines for the ERK2 scheme the decrease of strength of interactions will lead to higher values of specificity. ERK2 MM Figure 6 : Inverse catalytic turnover times, or the effective overall reaction rates for the product formation, as a function of the interaction energy for the Michaelis-Menten scheme (MM, blue) and for the ERK2 scheme (black). Concentration of substrate is S=10 −5 . In the region between two vertical lines decrease of interaction energies leads to decrease of the reaction rate for MM scheme, but for the ERK2 scheme it leads to the increased turnover rate.
